EXPANSIONS OF BE;) AND a, INTO POWER--SERIES
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INTRODUCTION
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this report R 53, Int 5 is the fifth of & number of interim
reporte giving information about computations carried out by the
Computation Department of the Mathematical Centre on behalf of
the "ational Aeronsutical Researoh.lnstiﬁute 1in Amsterdam under

convrect It 53, The final report R 53 that will be made up even-
tually will not contain much else than the final results of the

computations and, moreover, will be not available for general
distribution. As however in the course of the computations a lot
of information has to be compiled for internal use, and part of
this dnformation may be of some value to others, this cempilation

e aone in the form of interim reports, that will be made
avalicble for limited circulation.
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, N o n ,
the Fourier-coefficients B;1) and
the 3. into nower-series with respect to 7.
Some results may be found for inst

application of Mathieu Functions®.

For small T we can expand
characteristic wvalues

1. The case n = 1,

SB

First we treat the case n = 1 @

1T + 25;
h

=

Il

(1,1)

e make use of the recurrence relations:

[b1 - (2r+1)2] Bérz-‘l ~ q { é;lw)-_% - nglm} = 0

The last equation yields the relations:

- r({r+1) P (I“r) = ]gf-;'])

i

r+1 T

- r(r+1)(3 (r) _ 4 (r=1) _ °y P (rr)/4
V¥

— r(r+1 )F :E,il f :S-'iv:-?l 1/4 Z X, }%I‘-*-v--h szl) V>

2 weemiv

The calculation becomes somewhat easier by putting

(I‘) = W(;;_i)_r 3 C(vr) (1r3)

T+ T
The first formula of (1,2) then changes intos

4T + Ei; x, TH -
h=1 &

or ok

Y
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> o~

¥ ( 1 ,4)
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(r)_ (=1)F{21r3+1
r+57

~6r+432r+371}

AL (r=T1)T(r+3) T (r+2 ) (T+3 ’

(r)_ L:ilfi?f27r4+17-8~r3+81019r £1624067+119924]
IV r+6 012 (=111 {r+4 ) T {42 ) (r+3)] .

e have therefore in particular

’ - m(1) (1) ed in th t R =-
The calculation of T2r+1 and g5, 4, defined 1n the report R 33

Int 2,2 (9,2) and (9,1) is now easy:

1 - )Y _r a 1
Térz1“ = ?) qrr'ﬁf (-1 T ér11 ’

(1) T-I' 2: P(r) Th::-

2r+1

1 1 (1)
5(2;@11 grh * 382(31‘3-1

(1),

9r+1

First we compute T

p(1)

2r+1

1

|
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i T _— ﬂ ("'"T)r h h
With Woryt1 T aET(TEOIT I‘p;) I — ' (1,8)

and the'wrmfunction defined as the logarithmic¢ derivative of the
factorial-function.
To compute 9 we use the recurrence formula for the g(n)

(b1 - 1 - q) g% )w q ggg)ﬂw 2 881? (1,9)

Substitution of the last equation of (1,6) gives

q - —
2 q ;
3(b,-1) (b,~1-q) N
:l“_WLJl +C--7"" 1 . | W7 + 3 (1 10)
e " T 8- 77T 17T ’
a
wlth C = - (0) = - {'?“ (log X')}
X x=0
o¢ the result is:
o _ (=TT [ T §+mgjm+r3(r+4>
2r+1 — i (r+T1)T > (1 1) 1(r+2)2  A(ps2)3

— (19r3+1661°+480r+460) T+
4-8(I‘+2) (r+3)

44r4+470r3+1875r2+3329r + 2226

¥ 3 3 T
288 (r+2)°(r+3)
N 1146r6+23130r5+192864r4+849732r3+2084744r +2698552r+14}9@88 6 m}
5912 (r+2)3 (r+3)3 (r+4)
(1,11)
and ’ . o q
o 1 1 p, T 1 3 09 4 40065 -5
V=gt C - o5l -5 gyt - wer T T B4k ¢
148193 -6
+4WT o« » (1312)
Note: We have put in all formula's B(1)=.1 and so we still have to

A A 1

normalise by means of "the relation:

OO
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h=r—
Z uee of the recurrencerelations:

2) (2)
w’ _ ]
¥ I
- A

4{(r-1){r+1)+ EL, o
h=?¢

+ 12:; (r“1)1,h~

h:rmz " h

from which it follows that:

(r=1) (r+1) P‘F) - p (r=1)

|

- (r=1)(x+1) B (r) (r-1)

944

. ; \a (T) _ (r) (r+1)
- 4 (r=1)(r+1) Prw = 4(31,___1” Frwmh + 4[31.“1”(1}% 1)

-1
2
5(2)

also to norimalise by means of the relation (1,13) now applied for

After all we have

Further we know B(2) = 1,

= 0 and we put . 5

the case n = 2.
The first form

vla of (2,2) yields

(2,4)
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(2,5)

1i1ar to those in

the cagse n = 1, Now we hivez

(2,6)

(2,7)

(2,8)

So we find:

(2) g;;(g)
T2r M er

1 we find the following

wnd by putting WO
expression for 3



TT 38r3+370r2+1203r+1302

32?8395r3+3

3928002r+2113092.- 6 }

(2,9)

(2,10)
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3. Expancions of E‘n) and a, 1n q serics for n > 6.
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In the following lines we shall omit the index (n),while (n)
18 a fixed nunmber.

QO

_ _ ;“ 4!
1 P 21y . — - T B
We try to write Eh' — (3m¢h (3,1)

with the conditions

I

O when h<-wnf@l

m # fam,h

=n B =1o0or A4
- n “n,O

|

‘tand f =0 for h>0 (3,2)
1,

To be honest, we must say that most of the following section
18 only rcalised in the case n = oo
Den't forget the relation:

»

(b - m°) B, - 4c(B,_,+ B ,)=0 (3,3)

For b we want the expansion:

b = Ay T with , = n°.
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Pirast we wllm&m@émcwh by treating the case

[Fi1H
L)

(3,4)

)

»a oy s w4 t | * . .
coefficiznte of the n power of T we find successive-—

n = 1
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In all the formula's we suppose m > 0.
The cases m = n + 2p etc. are easily computed from the cases

m =n - 2p. We have only to replace in -the factors

[

{HZ___(n - ZP)Z} ’ {1’12 - (n - 2p + 2)2}. .. etec, 2all n by -n, to get

the coéfficients for Pn+2p’ o ! Fn+2p“2 S etc.
? ?

“hen we have calculated once Fl’l op,p! W have to replace in the
| ' o 7
answer n by -n, and get (311+2p,p"
o0 we find:
_ (n-p=-1)! _(=1)¥n
inzp,p - pT(n=-T)" Pn+2p,p T p!l.(n+p)! (3,5)

{3H+QP“2:P = ©

~(p=2)1{(n=3)p-(n+1) (n-2){ (n-p)!

Pn"2p+4,p B (n+1)(n“1) (p“1)!(n“1)!
; _ DP(p-2){ (n#3)pr(n-1) (nr2)n!
n+2p-4,p (n=-1)(n+1)“(p=-1) ! (n+p~1) 1
pn+2p-—-6,p B pnw2p+6 D O
— - (”1)p(n”3)i C(H)( )
Priop-8,p = o) (mep=d)T + Ca (P

with

(n) 1 % 7 6 5 4 3
CY/ (p)= —- ——m ~ 16( 129 '+769°+19337+261»T+197y° +
4 2(2v)°(2y+2) 4 (2v+3)°

+101P°460Y +18 )

(2y+2)3(2v+3)2(y?m»+1)
P

20 (29+2) % (2y43)° _
L 2x(23r2) (2943)7

(29)3(2y-1) (29+2)°(29+3) _ g (29=1)2¥(29+2) (29+3) (¥3+79°+ 11y +3)
- TRy T &

N+ p-— - Tn+p-3

where Y= %1 :

_ _ __(n-p+3)! (-n)
end Py _ope8,p = = Ta T (mr)T + Cg  (P)

where Cﬁ(p) 1s defined above, and ngw Yy = :-%7-1- .

)
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a(n+z>(qma)zch)(5)+(nm2>!C(“n)(S) :
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(3,7)

alue and p —> o0 we get:

n—J

16(n+1)(nm1).

i.e. also a constant. or n = 6 this value is even that 1is

small enough for our intention

h information to compose the scheme af the
_— Look at the figu
m,

pointed out, while

NQN we have enoug

re 1. On the horizontal lines

coefficients (3
the s is vertical. In the point (m,s)

the coefficient am.s 18 noted.
¥ ok

the m is
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ace (m,s) means that the co&fficiént ﬁh S‘ﬁ O .
1hg
ig not = 0, First let n be odd:

lines out of the not points (n,2h)(with
But in the neighbourhood of the line m = O the.

more and more comvlicated: Ve have to fulfill

antimetrical requirement for the Bm

- B, . (3,9)

by the lines starting out of (n,2h)
we

get also two butterfl.es beginning
{f and m = -7,

You also see thav, when n and i1 are large, the exponents of

the expansion of Eﬂ) | n—m/

are expressed by the form

e
L{

the begin

1ing, also a step 2 units large. Later this step is
reduced to one unit. gf) always has a step of one unit. Under the
haevy lines our formulas (3,4) (3,5) and the results for the Ba. s
of the so-named "ideal case" are false. From this moment of the’

. 18 infected by the influence f the reflection and even o £ 0
with h odd. (See also the series—expanSian for b in Melachlan).

ure is changed in veig view:

The sloping lines don't® meet in the

k :{%), but in the points (0,k).
So the steps in the expansions rest two units large even
the coefficients wh“ Bt the influence of the reflection forbids us

ain to come under the haevy lines with our computations. There-

fore it is necessary to take n large. e used the formula's (3,4),
(3,5) etc. only in the cases n = 6,...,10.

Note: One can try to write the solution &f the differential-~equa-

W ol il ol b o

tion of the second

order
y'" + (b - 2¢ cos 2x) y = O (3,10)

in a Fourierexpansion of the following form:

(3,11)

where the i1ndex n nme

n2. (That is to say we will have y = S

ans that this solution for x —0 1s near to
e

(x)).
n

The solution (3,11) is antimetrical. B nsva let fall now the

. , ﬂ Ca as ({n, -
reguirement (3 ,9) and try to find the Bh so the
pute only one butterfly-~-figu tart

t we have to com-
boint (n,0).




R 53, Int 5,12.

e
h
— T
Bn+2p f;T [Zn+2p,h (3,12)
(P can be positive and negative).
Again we haves
Pn,O = Pn,h = 0 when h >0 (3,13)
&0 . R
and b, = Z, Xy, T+ n“ . (3,14
h="1 |
AS before we get the recursive formula:
{2 >
h 2 h
X T + 4 nr—- 4 7 } T
h=1 h h= || an--2r,h
OO OO
= 4{ ééf;m- T+t Aég:;_ Th+1 _
h=|1r+1] (31’1*"21'“291’1 he 1 F:;. -2r+2,h N
(3,15)
Put r = 0 and we fing:
O(h = 4 (an2,h-1 N Fn+2,h—--1) ' (3’16)

But now there is snother complication: The first line of the
butterfly is again exoressed bys

(n) _ (n-p-1)!
n-2p,p ~ Dl (n=T)1 (3,17)

That will say for p = n
(n)  _ o
-Nn,n

Jhen we wish to eliminate this difficulty, we have to choose a r aw

coefficient (?1)2 _— and in order to satisfy our recurrence-
—-N—-2 , N~

relation (3,15) we have to bulld up our second butterfly starting
from (-n,0). By this complication it is not easy to »roof the

.. n)
convergence of the g-series of B(m :



